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ABSTRACT

In [1] Amitsur conjectured that if a polynomial ring in one indeterminate
is Jacobson radical then it is a nil ring. We shall construct an example
disproving this conjecture.

0. Introduction

In [1] Amitsur proved that for every ring R the Jacobson radical J(R[X]) of
the polynomial ring R[X] in an indeterminate X over R is equal to N[X] for a
nil ideal N of R. He proved that if R is an algebra over an uncountable field,
then J(R[X]) coincides with the upper nil radical of R[X] (cf. also [2,8]) and
conjectured (see also [3]) that this is true for all R. This conjecture is connected
with Koethe’s problem [6, 13] and some other problems of ring theory [4, 5, 10,
11, 12, 15]. We shall show that the conjecture does not hold. We construct an
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algebra over a countable field, the polynomial algebra in one indeterminate over
which it is Jacobson radical but not a nil ring. In our proofs we shall use the
main results of [14] (some of them are recalled in Section 1 and some others are
extended in Section 3 to the form needed by us). We shall also apply Krempa’s
well known result 7] (cf. also [9,3]) which states that the ring R[X] is Jacobson
radical if and only if the rings M, (R) of n X n matrices over R are nil for all n.

For a ring R, R[X] will denote the ring of polynomials in an indeterminate X
over R and R[X,Y] the ring of polynomials in commuting indeterminates X,Y
over R.

1. Throughout the paper K is a field and A is the algebra of polynomials in non-
commuting indeterminates x, y, z over K. We denote by M the set of monomials
in z, ¥, z and for each integer n > 0 M,, denotes the set of monomials of degree
n. Thus My = {1} and for n > 1 the elements in M,, are of the form z; - ...  zp,
where z; € {r,y, z}. The K-subspace of A spaned by M,, will be denoted by H,,.
Obviously A = G}Zoonn and H,H,, = H, - Thus A is strongly graded in this
way by the additive semigroup of non-negative integers.

Given w € M we denote by d,w, dyw and d,w the z-degree, y-degree and
z-degree of w, respectively. Obviously the degree of w, which we denote by dw,
is equal to dyw + dyw + d,w.

Given integers ny, ns, ns define

w(ny, na,n3) = Z{w € M : dyw = ny,dyw = ng, d,w = nz}

if all n; > 0 and w(n1,n2,n3) = 0 otherwise.

LEMMA 1.1 ([14], Lemma 7b): For arbitrary integers py, p2,ps andn < p1+pa+
p3, w(p1,P2,p3) = Z{w(nl,"2,ns)w(m—nl,pz—ﬂz,ps—ns) | ny+ns+n3 =n}.

Given a natural nurmber n and a set S C A let B, (S) denote the right ideal of
A generated by the set ey MniS, i.e., Bn(S) = Y12 MapSA.

Let m1, ms,... be an increasing sequence of natural numbers such that each
m; divides m;, 1 and let F; be finite subsets of H,,, and let r; = card F;. In [14],
Section 2, mappings R;: Hpn, = H,,, were introduced and studied. They have
in particular the following properties.

LEMMA 1.2: (i) ([14], Theorem 4) For every natural number !,

l
Riyy(Hpmypy N By, (Fi)) = 0.

i=1
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(i) ([14], Theorem 11) If my > 10® and for each i > 0, m;; > m;2*+1%! and
r; = card F; < m240~2, then for every i > 0 there are integers ni, ny,n3 such
that ny + no + ng = m; and R;(w(ni,n2,n3)) # 0.

Now we shall prove

THEOREM 1.3: Let m; and F; be as in Lemma 1.2(ii). For every k > 1 there are
integers n1,ny, n3 such that

o0

ny+ny+ng=my; and w(ng, ne,ng) ¢ Z By (F3).
i=1
Proof: By Lemma 1.2(ii) for every k > 1 there are integers p;, p2, p3 such that
P+ P2+ p3 = mgq1 and Reyq(w(pr, p2,p3)) # 0.

Suppose now that for all ny +ng + ng = my, w(ng, ng,ng) € Y ooy B, (F3).
Obviously w(ny,ns,n3) € Hy, and, for every ¢ > k+ 1, Hy,, N By, (F;) = 0.
Hence since all By, (F;) are homogeneous right ideals of A, w(ni,na,n3) €
Zle B, (F;). By Lemma 1.1,

w(p1,p2,p3) = Z{w(?h; ny, ng)w(pr —n1, p2 —n2,p3—ng) | N1+ n2tng = mg},

50 w(p1,p2,p3) € Ys-y By, (F3). Hence by Lemma 1.2(i), Ret1(w(py, pa,ps))
= 0, a contradiction. [ |

2. Let B be the algebra of polynomials in non-commuting indeterminates a, b, ¢
over K and for each integer n > 0 let B,, be the K-subspace of B generated by
all monomials w in a, b, ¢ such that dyw + dyw = n, where for given t € {a,b,c}
and a monomial w, dyw denotes the t-degree of w. Obviously B = @Zozan
and Bp,B,, = Byim. Thus B is strongly graded in this way by the additive
semigroup of non-negative integers. Note that the ideal {(ac,c?) of B generated
by ac and ¢? is homogeneous with respect to this grading. Thus T = B/(ac, ¢?) is
a K-algebra strongly graded by the additive semigroup of non-negative integers
with the homogeneous subspaces T,, = B, + {(ac, c?)/{ac, c?).

Given non-negative integers ny, ng, ns denote by w(ny, ng,n3) the image in T
of the polynomial

E {m | m monomial in a, b, ¢ such that dym = ny,dym = ny, dem = na}.

If at least one of ny,n2,n3 is negative, we put w(ny, na,nz) = 0.

In what follows, with a slight abuse of notation, we denote the images of a, b, ¢
in T' again by a,b,c. Then T is a K-algebra generated by 1,a,b,c satisfying
relations ac = 0, ¢ = 0.
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Note that there is an embedding of the algebra A into T such that é(z) = a,
#(y) = b and ¢(2) = be. This allows us to assume that ACT andz =a,y =b
and z = bc.

One easily checks the following

LEMMA 2.1: The subalgebra A of T generated by x,y, z (i.e., the subalgebra of
A consisting of polynomials in x,y, z with zero constant terms) is a right ideal of
T and T = A+ cA. Moreover, for each n, H,c C H,.

Observe that if w = wy ...  wy, # 0, where w; € {a,b,¢} and for some
2 <1< m, w; =c, then w;_; = b. Applying this observation one easily gets

LEMMA 2.2: (a) For every non-negative integer n, T, = H,, + cH,.
(b) Given integers ny, na, ng,

w(ny,ng +ng,ng) = w(ny,ng,n3) + cw(ng,ny + 1,13 — 1).

We also shall need

LEMMA 2.3: (a) Ifh,h',g,g' € Aand h+ ch' =g+cg’, thenh=gand b’ =¢'.
(b) If P is a right ideal of T' contained in A and homogeneous in A, then P+cP
is a homogeneous right ideal of T'.

Now we shall prove

THEOREM 2.4: Let P C A be a right ideal of T which is homogeneous in A. If
(aX?+bX +c)" € (P +cP)[X], then (z + yX +2Y)" € P[X,Y].

Proof: The coefficients of (z + yX + zY)" are w(ny, ny, n3), where n; are non-
negative integers such that n, + ns + nzg = n. We have to show that all of them
are in P. Clearly m = ny + ns + 2n3 > n. Hence, since P + cP is a right ideal
of T, (aX? +bX + ¢)™ € (P + cP)[X]. Given 0 < s < 2m, the coefficient ¢, at
X*¢ in the polynomial (aX? + bX + ¢)™ is equal to

z ’u_)(ﬂll,ﬂlz,m;;)

2mi+mo=8,m+met+maz=m

and it belongs to P + cP. Clearly w(my, ma, m3) € T, ym,. Given 0 <t < m,
t=mi+myifandonlyif mg=m—t,m; =s—tand mg =s—2(s—t) =2t—s.
Consequently the t-component of ¢, with respect to the gradation of T is equal to
w(s—t,2t —s,m—t) and, by Lemma 2.3(b), it belongs to P+cP. For s = 2n, +
ng+ns and t = n = ny+ny+ng, we have w(s—t, 2t—s, m—t) = w(ny, na+ns, n3).
By Lemma 2.2(b), w(ni,ns + n3,n3) = w(ny, ng,ng) + cw(ny,ng + 1,n3 — 1).
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Now applying Lemma 2.3(a) one gets that w(ni,ng, n3) € P. The result follows.
| |

3. We start this section with a lemma which slightly generalizes Lemma 1 of
[14].

LEMMA 3.1: Let G be a K-algebra strongly graded by the additive semigroup
of non-negative integers with the homogeneous components G;. For every a =
a1+ az + - -+ + ag, with a; € G;, and each n > t there is a set G(a,n) C G,, such
that card G(a, n) < ntsup;;, dimg G; and a" = go + gr1a + -+ + Gn—2a™"2 for
some go, - .., gn-2 € G{a,n)(Go + -+ + Ge_1).

Proof: Givenl <k <n—landn—t<l<n—-1lletwg; =)
The number of these wy  is equal to (n — 1)t < nt. Let

Gla,n) = U U w1 Bp_y,

1<k<n—1n—t<I<n—-1

P14 tig=l Agy - Ay -

where E,_; is a fixed K-basis of G,_;. Clearly G(a,n) C G,, and card G{a,n) <
ntsup,<i<; dimg Gi.

Now a” = leily---,inst ai, - -a;, . Take any 1 < iq,...,4, < t. Since iy < n
and i1 + -+ +1i, > n, there exists 1 <k < n —1such that 4; + -+ 4 < n and
11+ -+ igy1 > n. Consequently

n-—1
n— - e . . . o« . .
a = E E a,l a,kH E a1k+2 a;, .
k

=lé14 e <n<ir+-Fig lgik+2,.,.,in§n

Note that for each 1 < k < n —1 and fixed ¢y,...,0k41 With ¢ +---+ 2 < n
<4y + -+ ig41, we have Zlgk+2’___’in§ @iy " i,y = gn—k-1 {fork=n-1
the set of indices 1 < ig4a,...,%4, <t isempty and n— k — 1 = 0; in this case we
put both the sum and a° equal to 1). Thus

n—1
n o__ n—k—1
a” = E ( E ail"'aik+1)a :
k=1

i i <n<iy iR

For fixed 1 < k <n — 1 we have

n—1
). iy iy = Y (D Gy ag)(anor o+ ay)

t1+ i <n<ip i g l=n—t 14 +ir=l

I}

W (@pt + -+ ag).
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Since G is a strongly graded K-algebra,
an1+-+a € En (Go+ - + Gionyt)

This implies that each wg{a,—; + --- + a¢) is a linear combination over K of
elements of G(a,n) multiplied on the right by elements of

Go+ G+ -+ Gy-1.

Hence indeed

2

a’=go+ qra+---+ gn_2a""* for some g; € G(a,n)(Go+---+ G¢—_1). 1

For a natural number j let M;(T') denote the algebra of all j x j matrices over
T. The algebra is strongly graded by the additive semigroup of non-negative
integers with the homogeneous components M;(T5,).

Given a subset S C M;(T) we shall denote by [S] the set of entries of elements
in S.

LEMMA 3.2: Suppose that f = fi+-- -+ f;, where f; € M;(T;). For every natural
number n > t there exists a set S(f,n) C H, with card S(f,n) < ntj*3t+3
satisfying S(f,n)c C S(f,n) and such that for each m > n,

[f™] € (S(f,n) + cS(f,n))(To + - - - + Te_1)[f™ "IT.

Proof: Clearly dimg M;(T;) = j2dimg T;. By Lemma 2.2(a), T, = H, +
cH,, so dimg M;(T;) < j?2dimg H; < j23"*!. By Lemma 3.1 there is a set
G(f,n) C M;(T,) with card G(f,n) < ntj23'+! and such that f* = go + g1 +
oo+ gno2f"? for some go,...,gn-2 € G(f,n)M;(To+ -+ + Tt-1), so f™ =
Gof™ ™+ gif™ " f 4 -+ gn_of™ " f"2. Consequently f™ belongs to the
right ideal of M;(T) generated by G(f, n)M;(To+---+T;_1)f™~". Since T, =
H, + cH, and G(f,n) C M;(T,), there exists a subset S(f,n) of H, such that
card S(f,n) < 2ntj23t+152 < ntj*3t+2 and G(f,n) C M;(5(f.n) + cS(f,n)).
Let S(f,n) = 8(f,n) US(f,n)c. Note that G(f,n) C M;(S(f,n)+ cS(f,n)),
so [f™] C (S(f,n) + S(fyn))(To+ -+ + To1)[f™ "]T. Clearly card S(f,n) <
2card S(f,n) < ntj*3'*3 and, by Lemma 2.1, S(f,n) C H,. The result follows.
1

THEOREM 3.3: Suppose that f € M;(Ty + --- + T}) and let r,w be natural
numbers such that 2t < r < w. Then thereisaset S C H, withcard § < rj433+3
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such that B, (S) is a right ideal of T and the ideal of T generated by [f'°V] is
contained in B, (S) + c¢By/(S).

Proof: Let S = yc; <, MiS(f,r — i), where S(f,r — 1) are defined as in Lemma
3.2. Clearly Sc C §, which easily implies that By, (9) is a right ideal of T. We
have card S < 3°7_ 3% (r—i)tj4343 < r32043j4¢(¢+1). Now 326+H3¢(t4+1) < 33443,
so card § < rj433t+3,

Note that for every natural number k, Ty (By(S) + ¢By(S)) C By(S) +
¢By,(8S). Hence, since B, (S) is a right ideal of T, to get that the ideal of T
generated by [f19%] is contained in B,(S) + ¢B,(9) it suffices to prove that
T4[f1%%] C By (S) + ¢Byw(S) for d < w. Clearly t < 2w — d < 10w, so applying
Lemma 3.2 for n = 2w — d and m = 10w we get that

Talf1°) C Tu(S(f, 2w — d) + eS(f, 2w — d))(To + - - - + Ty_1)[fE¥*|T.

However, Ty4(S(f, 2w — d) + ¢S(f, 2w — d)) C Tay, so it suffices to show that for
each | < t, Ti[f8¥*4] C B,,(S) + cBy(S). Clearly t < r —1 < 8w +d, so applying
Lemma 3.2 for n = v — ] and m = 8w + d we get that

TS+ C T(S(f,r =) +eS(f,m = D) (To + -+ + Ty )[f5 " HIT.

From the definition of S and the fact that H;c € H; it follows that
T(S(fir =) +cS(f,r — 1)) C KS+ cKS C By(S) + ¢By(S). Since B, (S)
is a right ideal of T we get that T)[f3¥+%] C B, (S) +cBy(S). The result follows.
|

In what follows T will denote the non-unital subalgebra of T generated by
a,b,c and for every integer n > 0 we put E,, = TN (To + -+ + T},).

Note that if f € M;(E,), then f2 € M;(T1 + --- + Tz,). Applying Theorem
3.3 and this observation one gets

COROLLARY 3.4: Suppose that for i = 1,2,..., fi € M;,(E;,) and m; is an
increasing sequence of natural nuinbers such that 4t; < m;. Then there are
F; C H,,, with card F; < m;j#3%:+3 such that the ideal of T generated by
U;’il[ffom"“] is contained in Y72 Bm,, (F;) + ¢Y ;o Bm,, (F;) and
S o1 Bmiy, (F;) is a right ideal of T.

4. Now we are ready to prove the main result of the paper.
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THEOREM 4.1: If the field K is countable, then T contains an ideal I such that
the polynomial algebra (T /I){X] is Jacobson radical but not nil.

Proof: Let M(T) be the algebra of countable matrices over T with a finite
number of non-zero entries. Since K is countable, also M(T) is countable, i.e.,
M(T) = {f1, fo,...}. Each f; can be regarded as an element of M;,(Ey,) for
some natural numbers ¢; and j;. There are natural numbers my, ma, ... satisfying

(i) my > 108 and for each i, m;yq > m;2¢+10L,

(ii) each m; divides m;1,

(iii) m; > 402384+3 8.

Let I be the ideal of T generated by |Jio,| fi2 Omi+1] By Krempa’s result ([7])
quoted in the introduction we get that (T/I)[X] is Jacobson radical. We shall
show that it is not nil. Clearly 4¢; < m;, so applying Corollary 3.4 we get that
there are F; C H,,, with card F; < m;3%+3j# such that I C P + cP, where
P =% Bm,,,(F) and P is a right ideal of T. By (iii), 3%*3;} < m;4072, so
card F; < m240~2. Hence from Theorem 1.3 we get that for every natural number
k there are integers ny,n2, n3 such that ny + ny + n3 = myg and w(ny, na,n3) €
Yoo, Bm.,.(F;) = P. This implies that for each k, (z+yX +2Y)™ ¢ P[X,Y].
Hence by Theorem 2.4, (a X2+ bX +¢)™ ¢ (P + cP)[X]. However, k < my, and
I C P+ cP. Consequently, for every natural number &, (a X2 +bX +c)* ¢ I[X],
so (T/I)[X] is not nil. [
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