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ABSTRACT 

In [I] Amitsur conjectured that if a polynomial ring in one indeterminate 

is Jacobson radical then it is a nil ring. We shall construct an example 

disproving this conjecture. 

O. Introduction 

In [1] Amitsur proved that for every ring R the Jacobson radical J(R[X]) of 

the polynomial ring R[X] in an indeterminate X over R is equal to NIX] for a 

nil ideal N of R. He proved that if R is an algebra over an uncountable field, 

then J(R[X]) coincides with the upper nil radical of R[X] (cf. also [2,8]) and 

conjectured (see also [3]) that this is true for all R. This conjecture is connected 

with Koethe's problem [6, 13] and some other problems of ring theory [4, 5, 10, 

11, 12, 15]. We shall show that the conjecture does not hold. We construct an 
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algebra over a countable field, the polynomial algebra in one indeterminate over 

which it is Jacobson radical but not a nil ring. In our proofs we shall use the 

main results of [14] (some of them are recalled in Section 1 and some others are 

extended in Section 3 to the form needed by us). We shall also apply Krempa 's  

well known result [7] (cf. also [9,3]) which states that  the ring R[X] is Jacobson 

radical if and only if the rings .£4n(R) of n x n matrices over R are nil for all n. 

For a ring R, R[X] will denote the ring of polynomials in an indeterminate X 

over R and R[X, Y] the ring of polynomials in commuting indeterminates X, Y 

over R. 

1. Throughout the paper K is a field and A is the algebra of polynomials in non- 

commuting indeterminates x, y, z over K.  We denote by M the set of monomials 

in x, y, z and for each integer n >_ 0 Mn denotes the set of monomials of degree 

n. Thus M0 -- {1} and for n _> 1 the elements in Mn are of the form xl " . . . "  xn, 

where xi C {x, y, z}. The K-subspace of A spaned by Mn will be denoted by H~. 

H Obviously A = ~)n=0 n and HnHm = H,~+,~. Thus A is strongly graded in this 

way by the additive semigroup of non-negative integers. 

Given w E M we denote by d~w, duw and dzw the x-degree, y-degree and 

z-degree of w, respectively. Obviously the degree of w, which we denote by dw, 

is equal to dzw + dyw + dzw. 

Given integers hi ,  n2, n3 define 

w(nl, n2, n3) = E { w  E M :  dxw = nl, dyw = n2, dzw = n3} 

if all ni > 0 and w(nl, n2, n3) = 0 otherwise. 

LEMMA 1.1 ([14], Lemma 7b): For arbitrary integers Pl , P2, P3 and n <_ Pl +P2 + 

P3, W(pl,P2,P3) = E{W(~'tl, n2, n3)w(pl--Pol,P2--n2,P3--n3) { nt +rt2A-n3 = ~'t}- 

Given a natural number n and a set S C A let Bn(S) denote the right ideal of 

A generated by the set Uk=o ,,kS, i.e., B,~(S) = ~k=o M,~kSA. 

Let ml ,  m 2 , . . ,  be an increasing sequence of natural  numbers such that  each 

mi divides mi+l  and let Fi be finite subsets of Hm, and let ri = cardFi .  In [14], 

Section 2, mappings Ri: Hmi --+ Hmi were introduced and studied. They have 

in particular the following properties. 

LEMMA 1.2: (i) ([14], Theorem 4) For every natural  number I, 

l 

RI+i(Hm,+, N E Bm,+,(F~)) = O. 
i=1 
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(ii) ([14], Theorem 11) ~'f fl}, 1 > 10  8 and for each i > 0, m/+l > m,2 i+lm and 
2 - 2  ri = cardFi  < mi40 , then for every i > 0 there are integers ?~1,9'12, n3 such 

that nl  + n2 + n3 = mi and Ri (w(nl ,  n2,  n3) )  5~ 0. 

Now we shall prove 

THEOREM 1.3: Let mi and Fi be as in Lemma 1.2(ii). For every k > 1 there are 

integers nl,  n2, ?/.3 Sllch that 

n l + n 2 + n a = m k  and w(nl ,n2,  n 3 ) ! / ~ B m ~ + , ( F i ) .  
i=1 

Proof: By Lemma 1.2(ii) for every k > 1 there are integers Pl,P2,P3 such that 

Pl + P2 + P3 = mk+l and Rk+l(w(pl,p2,P3)) ¢ O. 

Suppose now that for all nl  + n2 + n3 = ink, w(nl,  n2, n3) C Y ~  i:1 Bmi+, (Fi). 
Obviously w(nl ,n2,  n3) E Hm~ and, for every i > k + 1, Hrnk CI Bm,+~(Fi) = O. 

Hence since all Bm~+,(Fi) are homogeneous right ideals of A, w(nl ,n2,  n3) C 

~-~k_ 1 Brn~+~ (Fi). By Lemma 1.1, 

w ( P l ,  P2, P3) ---- ~ { W ( n l  ; 7t2, ~'~3)W(pl -- 7tl,  P2 -- ~'t2, P3 -- ?~3) I 7/1 2c i'12 -{- 1~3 : Ii'~k }, 

k B so w(pl,p2,p3) E ~ i = t  m~+~(F~). Hence by Lemma 1.2(i), Rk+l(w(pl,p2,P3)) 

= 0, a contradiction. II 

2. Let B be the algebra of polynomials in non-commuting indeterminates a, b, c 

over K and for each integer n >_ 0 let B,, be the K-subspace of B generated by 

all nlonomials w in a, b, c such that daw + dbw = n, where for given t E {a, b, c} 

B and a nlononlial w, dtw denotes the t-degree of w. Obviously B = @,,=0 ,~ 

and B,,Bm = Bn+m. Thus B is strongly graded in this way by the additive 

semigroup of non-negative integers. Note that the ideal (ac, c2} of B generated 

by ac and c 2 is homogeneous with respect to this grading. Thus T = B/(ac,  c 2> is 

a K-algebra strongly graded by the additive semigroup of non-negative integers 

with the homogeneous subspaces Tn = Bn + (ac, c2) / (ac, c2>. 

Given non-negative integers nl ,  n2, n3 denote by ~(n l ,  n2, n3) the image in T 

of the polynomial 

~-'~{m [ m monomial in a, b, c such that dam = nl,  dbm = n2, dcm = Ha}. 

If at least one of nl,  n2, na is negative, we put ~b(nl, n2, nn) = 0. 

In what follows, with a slight abuse of notation, we denote the images of a, b, c 

in T again by a, b,c. Then T is a K-algebra generated by 1, a, b, c satisfying 
relations ac = O, c 2 = O. 
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Note  t h a t  there  is an embedd ing  of the  a lgebra  A into T such t h a t  ¢ (x )  --  a, 

¢(y)  = b and ¢(z)  = bc. This  allows us to  assume tha t  A C_ T and x = a, y = b 

and z = bc. 

One easi ly checks the  following 

LEMMA 2.1: The subalgebra ft  o f T  generated by x, y, z (i.e., the subalgebra of  

A consisting of  polynomials in x, y, z with zero constant terms) is a right ideal of  

T and T = A + cA. Moreover, for each n, Hnc C_ Hn. 

Observe  t h a t  if w = Wl • . . . .  wm ~ 0, where wi • { a , b , c )  and  for some 

2 < i < m,  wi = c, then  wi-1  = b. App ly ing  this  observa t ion  one easi ly gets  

LEMMA 2.2: (a) For every non-negative integer n, Tn = H,~ + cHn. 

(b) Given integers nl ,  ns, n3, 

~ ( n l ,  n2 + n3, n3) = w(nl ,  n2, n3) + cw(nl ,  n2 + 1, n 3  - -  1). 

We also shal l  need 

LEMMA 2.3: (a) I f  h, h ~ , g , f  • A and h + ch ~ = g + c f ,  then h = g and h ~ = g'. 

(b) I f  P is a right ideal o f T  contained in A and homogeneous in A, then P + c P  

is a homogeneous right ideal of  T. 

Now we shall  prove 

THEOREM 2.4: Let P C_ A be a right ideal o f T  which is homogeneous in A. I f  

(aX  2 + bX + c) n • (P  + cP)[X], then (x + y X  + zV)  n • P[X,  V]. 

Proof'. The  coefficients of (x + y X  + z Y )  n are w(nl ,  n2, n3), where ni are  non- 

negat ive  integers such t ha t  n l  + n2 + n3 -= n. We have to  show tha t  all of t h e m  

are in P .  Clear ly  m = n l  + ns  + 2n3 _~ n. Hence, since P + cP is a r ight  ideal  

of  T, (aX  s + bX + c) m • (P + cP)[X]. Given 0 < s < 2m, the  coefficient cs a t  

X s in the  po lynomia l  (aX 2 + bX + c) m is equal  to 

27~1 q-m2-~8~ml +m2-bm3 : m  

and it belongs to P + cP. Clear ly  W(?7~l, m2, ~ 3 )  E T m l ÷ m  2. Given 0 < t < m,  

t = m l + m s  if and  only if m3 = m - t ,  m l  = s - t  and  m2 = s - 2 ( s - t )  = 2 t - s .  

Consequent ly  the  t - componen t  of cs wi th  respect  to the  g rada t ion  of T is equal  to 

~ ( s  - t, 2t - s, m - t) and,  by L e m m a  2.3(b), it  belongs to  P +  cP. For s = 2n l  + 

n 2 + n 3  and t = n = n l + n s + n 3 ,  we have ~ ( s - t ,  2 t - s ,  m - t )  = ~ ( n l ,  n2+n3 ,  n3). 

By L e m m a  2.2(b), ~ ( n l ,  n2 + n3, n3) = w(~'~l, us ,  n3) + cw(nl ,  n2 + 1, n3 -- 1). 
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Now app ly ing  L e m m a  2.3(a) one gets  t ha t  w(nl ,  n2, n3) E P .  The  resul t  follows. 
| 

3. We s t a r t  this  sect ion wi th  a l emma which s l ight ly  general izes L e m m a  1 of 

[14]. 

LEMMA 3.1: Let G be a K-algebra strongly graded by the additive semigroup 

of non-negative integers with the homogeneous components Gi. For every a = 

al + a2 + . . .  + at, with ai E Gi, and each n > t there  is a set  G(a, n) c_ G,~ such 

that card  G(a, n) < nt sup l< i< t  d imK Gi and  a n = go + gla A- . . .  + gn-2a n-2 for 

some go , . . . ,  gn-2 E G(a, n)( Go + " .  + Gt-1). 

Proof." Given 1 < k < n - 1  and n - t  < l < n - 1  let wk,t = ~i~+...+ik=l ai~ "' 'aik.  

The  number  of these Wk,l is equal  to (n - 1)t < nt. Let 

G(a,n) = U U wk,,E~_,, 
l < k < n  l n - t < l < n - 1  

where En- i  is a fixed K - b a s i s  of G ~ - l .  Clear ly  G(a, n) C_ Gn and e a r d G ( a ,  n) < 

nt suPl< i< t  d imK Gi.  

Now a n = ~ 1 < i l  ..... in<tail "" "ain. Take any 1 _< i l , . . . , i ~  <_ t. Since i l  < n 

and i t  + . . .  + i ,~  _> n, there  exists  1 < k < n -  1 such t ha t  i l  + . . .  + i k  < n and 

il A- . . .  A- ik+l > n. Consequent ly  

n - - 1  

a"=E E ai,"'aik+, E aik+ 2"''ai,~" 
k = l  il +'"+ik <n<il +'"+ik+l l<ik+2,...,i,, <_n 

Note t ha t  for each 1 < k < n - 1 and fixed i l , . . . , i k + l  with  il + " "  + ik < n 

_< i l  + - - - +  ik+l ,  we have Y~l___ik+2 ..... i~<_taik+~-" "ai~ = a n-k -1  (for k ---- n -  1 

the  set of  indices 1 _< ik+2, . . . ,  i,~ < t is e m p t y  and  n - k - 1 = 0; in this  case we 

pu t  bo th  the  sum and  a ° equal  to 1). Thus 

n - - 1  

a n = E  ( E 
k=l  i l+ ' "+ik<n<Q+'"+ik+l  

For fixed 1 < k < n - 1 we have 

n - - 1  

E ai~"'aik+~=- E ( 
il +... +it, <n~_i; +'"+ik + l 

all " " "a i k+  1 )a n-k-1.  

E all " " a i k ) ( a n - l + ' " + a t )  
l n - t  i l+.. .+ik=l 

n - - 1  

E WkJ(an-t + " "  + at). 
l : n - t  
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Since G is a strongly graded K-algebra, 

a,,_, + . . .  + at E En-l(Go + . . .  + Gt-n+l). 

This implies that  each wk,t(a,~-t + " "  + at) is a linear combination over K of 

elements of G(a, n) multiplied on the right by elements of 

Go + G1 + "'" + Gt-1. 

Hence indeed 

a n = g o + g l a + ' " + g n - 2 a  n-2 f o r s o m e g i 6 G ( a , n ) ( G o + - . . + G t - 1 ) .  | 

For a natural number j let M j  (T) denote the algebra of all j × j matrices over 

T. The algebra is strongly graded by the additive semigroup of non-negative 

integers with the homogeneous components ~4j (Tn). 

Given a subset S c 2t4j (T) we shall denote by [S] the set of entries of elements 

in S. 

LEMMA 3.2: Suppose that f = f l+ ' "  "+ ft, where fi E Mj (T i ) .  For every natural 
number n > t there exists a set S ( f , n )  C_ Hn with ca rdS( f ,n )  < ntj43 t+3 

satisfying S ( f ,  n)c C_ S ( f ,  n) and such that for each m > n, 

[fm] C_ ( S ( f  , n) + c S ( f  , n) )(To + . . .  + Tt-1)[fm-n]T.  

Proof: Clearly dimK .A4j(Ti) = j2 dimK Ti. By Lemma 2.2(a), Tn = Hn + 
cHn, so d imgA4j (T i )  <_ j 2 2 d i m g H i  < j23i+1. By Lemma 3.1 there is a set 

G ( f , n )  C_ .A4j(Tn) with cardG( f ,n )  < ntj23 t+l and such that fn  = go + g l f  + 

• .. +g,~_2f n-2 for some g0, . . . ,g , , -2  E G(f,n).A4j(To + . . .  + Tt-1), so f '~ = 
gof m-n + glfm-'~ f + ""  + 9n_2fm-n  f n-2. Consequently fm belongs to the 

right ideal of A4j(T) generated by G(f ,  n)A4j(To + . . .  + T t _ l ) f  m-'~. Since T~ = 

Hn + cH,, and G(f ,  n) C_ Jt4j(Tn), there exists a subset ,~(f, n) of H,, such that 
card:~(f,n) < 2ntj23t+1j 2 < ntj43 t+2 and G ( f , n )  C_ . M j ( S ( f , n )  + cS ( f , n ) ) .  

Let S ( f , n )  = S ( f , n ) U  S( f ,n )c .  Note that G ( f , n )  C_ . / t4j(S( f ,n)  + cS ( f , n ) ) ,  

so [fro] C ( S ( f , n )  + eS( f ,n ) ) (To  + . . .  + Tt-1)[fm-n]T.  Clearly ca rdS( f ,n )  _< 

2cardS' ( f ,n)  < ntj43 t+3 and, by Lemma 2.1, S ( f , n )  C_ Ha. The result follows. 
| 

THEOREM 3.3: Suppose that f E .Mj(T1 + .-. + Tt) and let r ,w  be natural 
numbers such that 2t < r < w. Then there is a set S C_ H~ with card S < r j433t+3 
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such that B, , (S)  is a right ideal o f T  and the ideal o f T  generated by [f~o~,] is 

contained in B,~(S) + cB~(S) .  

Proof: Let S = (.Jo<i<tMiS(f, r - i), where S( f ,  r - i) are defined as in Lemma 

3.2. Clearly Sc c_ S, which easily implies tha t  B~(S)  is a right ideal of T. We 

have c a r d s  < ~ = o 3 i ( r - i ) t j 4 3  t+a < r32t+aj4t(t+l). Now 32t+3t( t+1) < 33t+3, 

so card S < rj433t+a. 

Note tha t  for every natural  number  k, Tk~,(B,,,(S) + cB,~(S)) C_ B,~(S) + 

cB,v(S). Hence, since Bw(S)  is a right ideal of T, to get tha t  the ideal of T 

generated by [fl0w] is contained in Bw(S)  + cB, , (S)  it sumces to prove tha t  

Td[f low] C_ Bw(S)  + cBw(S) for d < w. Clearly t < 2w - d < 10w, so applying 

Lemma 3.2 for n = 2w - d and m = 10w we get tha t  

Td[f 1°~'] C_ Td(S( f ,  2 w -  d) + cS( f ,  2w - d))(To + . . .  + Tt_l)[fS~+d]T. 

However, Td(S(f ,  2w - d) + cS( f ,  2w - d)) C_ T2,o, so it suffices to show that  for 

each l < t, Tl[f s~+d] C B ~ ( S ) +  cB~(S) .  Clearly t < r -  1 < 8w + d, so applying 

Lemma 3.2 for n = r - 1 and m = 8w + d we get tha t  

T~[f sw+d] C_ T l ( S ( f , r  - l) + c S ( f , r  - l))(To + . . .  + Tt-1)[fSw+d-~+l]T. 

From tile definition of  S and the fact tha t  Hlc C_ Hz it follows tha t  

T t ( S ( f , r -  l) + c S ( f , r  - l)) C_ K S  + c K S  C_ Bw(S)  + cB~,(S). Since B, , (S)  
is a right ideal of T we get tha t  Tt [fs,,,+d] C_ B,~ (S) + cB~, (S). The result follows. 
| 

In what  follows T will denote tile non-unital  subalgebra of T generated by 

a, b, c and for every integer n _> 0 we put  En = T N (To + "'" + Tn). 

Note tha t  if f E 2~lj(En), then f2  E A/Ij(T1 + . . -  + T2,~). Applying Theorem 

3.3 and this observation one gets 

COROLLARY 3.4: Suppose that for i -- 1 ,2 , . . . ,  fi E J~j~(Et ,)  and mi is an 

increasing sequence of natural numbers such that 4ti < mi. Then there are 

Fi C Hm~ with ca rdF /  < mij436ti+3 such that the ideal o f T  generated by 
U o c  [ )e20mi+l] oo i=lLJi 3 is contained in y~.~=lBm,+,(Fi) + c~ i= lBm,+ , (F i )  and 

Y~-i~l Bin,+, (Fi) is a right ideal o f T .  

4. Now we are ready to prove the main result of the paper. 
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THEOREM 4.1: If  the field K is countable, then T contains an ideal I such that 

the polynomial algebra (T/I)[X] is Jacobson radical but not nil. 

Proof Let A4 (T) be the algebra of countable matrices over 7 ~ with a finite 

number of non-zero entries. Since K is countable, also A4(T) is countable, i.e., 

jk4(T) = {fl ,  f2 , . . .} .  Each fi  can be regarded as an element of Mj~(Et~) for 

some natural numbers ti and Ji. There are natural numbers ml,  m2 , . . ,  satisfying 

(i) ml  > 10 s and for each i, mi+x > mi2 i+101, 

(ii) each mi divides mi+l,  
2 6ti+3 "4 (iii) rni > 40 3 3i. 

I ioo ff2Om~+l] Let I be the ideal of T generated by ~ = l t a i  j. By Krempa's result ([7]) 

quoted in the introduction we get that (T/I)[X] is Jacobson radical. We shall 

show that  it is not nil. Clearly 4ti < mi, so applying Corollary 3.4 we get that 

there are Fi c_ Hm~ with cardF/  < mi36t'+3j 4 such that I C_ P + cP, where 

P = ~--~i~1 Bm~+l (Fi) and P is a right ideal of T. By (iii), 36t'+3j 4 < m/40 -2, so 

card Fi < m~40 -2. Hence from Theorem 1.3 we get that for every natural number 

k there are integers nl,n2, n3 such that nl  + n2 + n3 = rnk and w(nl ,n2,n3)  ¢- 

~-~=1 Bm,+~ (Fi) = P. This implies that for each k, (x + y X  + zY)  m~ f[ P[X, Y]. 

Hence by Theorem 2.4, ( a X 2 +  bX + c) mk q[ (P + cP)[X]. However, k < mk and 

I c_ P + cP. Consequently, for every natural nmnber k, (aX 2 + bX + c) k qf I[X], 

so (T/I)[X] is not nil. II 
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